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Abstract—Motivated by applications to sensor networks and privacy preserving databases, we consider the problem of functional
compression. The objective is to separately compress possibly correlated discrete sources such that an arbitrary but fixed deterministic function of those sources can be computed given the compressed data from each source. We consider both the lossless and
lossy computation of a function. Specifically, we present results of
the rate regions for three instances of the problem where there are
two sources: 1) lossless computation where one source is available
at the decoder; 2) under a special condition, lossless computation
where both sources are separately encoded; and 3) lossy computation where one source is available at the decoder. For all of these
instances, we present a layered architecture for distributed coding:
first preprocess data at each source using colorings of certain characteristic graphs and then use standard distributed source coding
(a la Slepian and Wolfs scheme) to compress them. For the first instance, our results extend the approach developed by Orlitsky and
Roche (2001) in the sense that our scheme requires simpler structure of coloring rather than independent sets as in the previous
case. As an intermediate step to obtain these results, we obtain an
asymptotic characterization of conditional graph coloring for an
OR product of graphs generalizing a result of Korner (1973), which
should be of interest in its own right.
Index Terms—Distributed computing, distributed source coding,
functional compression.

I. INTRODUCTION

G

ENERALLY speaking, data compression considers the
compression of a source (sources) and its (their) recovery
via a decoding algorithm. Functional compression considers the
recovery not of the sources, but of a function of the sources. It
is a method for reducing the number of bits required to convey
relevant information from disparate sources to a third party. The
key contributions of this article are to provide meaning to the
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word “relevant” in this context. We will derive the information
theoretic limits for a selection of functional compression problems and give novel algorithms to achieve these rates.
A. Motivations and Applications
We are motivated to study this problem mainly by two applications. First, consider medical records databases. The data
is located in several different locations. There are enormous
amounts of private data in the databases. Some government
agency wants to release certain statistics, or functions, of the
data useful to researchers. Thinking of the data as a bit-string,
we provide a way for the agency to release a minimal set of bits
to compute a set of allowable functions. Thus, our architecture
allows for a minimal loss of privacy, given the need to compute
certain statistics.
Next, consider a network of wireless sensors measuring temperature in a building. There are bandwidth and power constraints for each sensor, and the sensors communicate only with
a central receiver, not with each other. The receiver wishes only
to compute the average temperature in the building. We want to
determine whether it is possible to compress beyond the traditional distributed data compression rate bounds given by Slepian
and Wolf.
We can frame both of the above questions as functional compression problems. In each case, we wish to minimize the source
description rates either to guarantee privacy or to achieve higher
compression rates (thus conserving bandwidth and power).
We demonstrate the possible rate gains by example.
Example 1: Consider two sources uniformly and indepenand ; assume
. We
dently producing -bit integers
assume independence to bring into focus the compression gains
from using knowledge of the function. First suppose
is to be perfectly reconstructed at the decoder. Then, the
rate at which can encode its information is bits per symbol
bits per
(bps); the same holds for . Thus, the rate sum is
function-value (bpf).
. The value of
Next, suppose
depends only upon the final two bits of both and .
Thus, at most (and in fact, exactly), 2 bps is the encoding rate,
, is
for a rate sum of 4 bpf. Note that the rate advantage,
unbounded because we are reducing a possibly huge alphabet to
one of size 4.
as before, but
Finally, suppose
the decoder is allowed to recover up to some distortion. We
consider the Hamming distortion function on . Consider recovering up to a Hamming distortion of 1. One possible coding
scheme would simply encode the single least significant bit for
both and . Then one could recover the least significant bit
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TABLE I
RESEARCH ARTICLES ON ZERO-DISTORTION SOURCE CODING PROBLEMS

of
, thus achieving an encoding rate of 1 bps per source
or 2 bpf.
These examples suggest that the knowledge of the decoder’s
final objective help achieve better compression rates. This article provides a general framework that, in certain cases, allows
us to solve the problem of finding the best possible rates as well
as coding schemes that allow for approximations of these rates.
Example 1 showcases the three specific scenarios considered
in this article: side information with zero distortion, distributed
compression with zero distortion, and side information with
nonzero distortion. We proceed by placing our results in their
historical context. It should be noted that this topic has a long,
elaborate history and we will be able to mention only a few of
the closely related results.
B. Historical Context
We can categorize compression problems with two sources
along three dimensions. First, whether one source is locally
available at the receiver (call this “side information”) or
whether both sources are communicating separately (call this
“distributed”). Second, whether
or is more
general. Finally, whether there is zero-distortion or nonzero-distortion. In all cases, the goal is to determine the rates (
for distributed coding or
for side information coding) at
and
must be encoded in order for the decoder to
which
compute
within distortion
with high probability.
1) Zero Distortion: First, consider zero distortion. Shannon
.
[1] considers the side information problem where
Slepian and Wolf [3] consider the distributed problem where
. Many practical and near-optimal coding
schemes have been developed for both of the above problems,
such as DISCUS codes by Pradhan and Ramchandran [6] and
source-splitting techniques by Coleman et al. [7]. We provide
the precise theorems in a later section.
Orlitsky and Roche provide a single-letter characterization
.
for the side information problem for a general function
Ahlswede and Körner [4] determine the rate region for the dis. Körner and Marton [5] contributed problem for
sider zero-distortion with both sources separately encoded for
. There has been little
the function
work on a general function
in the distributed zero-distortion case. A summary of these contributions are summarized
in Table I.
For this case of zero distortion, we will provide a framework
that leads to an optimal modular coding scheme for the side information problem for general functions. We also give conditions under which this framework can be extended to the distributed problem for general functions. In a sense, our results
extend (and imply) results of Orlitsky and Roche by providing
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TABLE II
RESEARCH ARTICLES ON NONZERO-DISTORTION SOURCE CODING PROBLEMS

Fig. 1. Functional compression problem with side information.

simpler and modular scheme for the setup of zero distortion with
side information.
2) Nonzero Distortion: Next, consider nonzero distortion
problems. Wyner and Ziv [8] considered the side information
. Yamamoto [9] obtained the rate reproblem for
gion for the side information problem for general function .
However, this was an implicit single-letter characterziation. The
result of Orlitsky and Roche [2] provided more explicit form for
the case of zero distortion case in terms of independent sets of
a certain characteristic graph.
The rate region for the case of nonzero distortion with both
sources separately encoded is unknown, but bounds have been
given by Berger and Yeung [10], Barros and Servetto [11], and
Wagner, Tavildar, and Viswanath [12]. Wagner et al. considered
a specific distortion function for their results (quadratic). In the
context of functional compression, all of these theorems are spe.
cific to
We note that Feng, Effros, and Savari [13] extended the
result of Yamamoto [9] for the side information problem where
the encoder and decoder have noisy information about the
sources. These results are summarized in Table II. For the case
of nonzero distortion, we extend the framework derived for
zero distortion and apply it in this more general setting. As
indicated above, the distributed setting with nonzero distortion
and a general function is quite difficult (even the special case
is not completely solved).
C. Overview of Results
Now, we describe the three problems considered in this article
along with an overview of the results.
1) Functional Compression With Side Information: The side
information problem is depicted in Fig. 1. We describe a scheme
can be computed within exfor encoding such that
pected distortion at a receiver that knows .
The optimal rate for the problem of the functional compression with side information was given by Orlitsky and Roche in
the zero-distortion case. While the resulting characterization is
complete and tight, it is difficult to calculate even for simple
source distributions. For this problem, this article provides a
new interpretation for that rate through a coloring algorithm.
Computing the Orlitsky–Roche rate requires optimizing a
distribution over an auxiliary random variable . We provide
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D. Organization

Fig. 2. Distributed functional compression problem.

an interpretation of
that leads to an achievability scheme
for the Orlitsky–Roche rate that is modular, with each module
being a well-studied problem. It can be extended to—and
motivates—our functional distributed source coding scheme
below.
As mentioned earlier, Yamamoto gave a characterization of
the rate distortion function for this problem as an optimization
over an auxiliary random variable. We give a new interpretation to Yamamotos rate distortion function for nonzero distortion. Our formulation of the rate distortion function leads to a
coding scheme that extends the coding schemes for the zero distortion case. Further, we give a simple achievability scheme that
achieves compression rates that are certainly at least as good as
the Slepian–Wolf rates and also at least as good as the zero-distortion rate.
For zero-distortion, the rate is a special case of the distributed
functional compression problem considered next where one
source is compressed at entropy-rate, thus allowing for reconstruction at the decoder.
2) Distributed Functional Compression: The distributed
functional compression problem is depicted in Fig. 2. In this
problem,
and
are separately encoded such that the dewith zero distortion and arbitrarily
coder can compute
small probability of error. We describe the conditions under
which the coding scheme mentioned in the previous section
can be extended to the distributed set up. Further, we provide
a less general condition depending only upon the probability
distribution of the sources under which our scheme is optimal.
Thus, we extend the Slepian–Wolf rate region to a general
. Our rate region is, in general,
deterministic function
an inner bound to the general rate region, and we provide
conditions under which it is the true rate region.
The distributed functional compression problem is depicted
in Fig. 2. In this problem, and are separately encoded such
with zero distortion and
that the decoder can compute
arbitrarily small probability of error. We describe the conditions
under which the coding scheme mentioned in the previous section can be extended to the distributed set up. Further, we provide a less general condition depending only upon the probability distribution of the sources under which our scheme is optimal. Thus, we extend the Slepian–Wolf rate region to a general
. Our rate region is, in general, an
deterministic function
inner bound to the general rate region, and we provide conditions under which it is the true rate region. We note that the result about asymptotic characterization of the conditional graph
coloring of an OR product of graphs, stated as Theorem 13, is a
key step in establishing above results and should be interest in
its own right. This can be thought of as generalization of result
by Korner [14].

The rest of the article is organized as follows. Section II gives
the problem statement and presents the related technical background necessary to understand the main results. Section III
presents those results. Section IV gives an example application
of our results to Blue Force Tracking. The proofs for our results
are given in Section V. Future research directions and conclusions are given in Section VI.
II. FUNCTIONAL COMPRESSION BACKGROUND
We consider the three proposed problems within a common
framework. We borrow much of the notation from [15, Chapter
12].
A. Problem Setup
and
be discrete memoryless sources
Let
and according to a joint distribudrawn from finite sets
. Denote by
and
the marginals of
.
tion
We denote -sequences of random variables
and
by
and
, respectively, where
and are clear from context. We generally assume
. Beis drawn i.i.d. according to
,
cause the sequence
we can write the probability of any instance of the sequence as
.
In this paper, we shall use the notion of strong typicality.
, we call a sequence
as
Specifically, for given
-jointly typical if for all

In the above,
tion induced by

corresponds to the empirical distribudefined as

where is the standard characteristic function with
and
. Let
denote the set of all such -jointly typical
sequences of length . It can be easily checked that, if
is -jointly typical then and are -typical. That is, for each
and

Again, here
and
represent marginal empirical distributions induced by and respectively defined as, for any
and

The sources encode their messages (at rates
); a common decoder uses these descriptions to compute an approximation to a fixed deterministic function
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or
, its vector extension,
where again will be clear from context.
, and , we define a distributed functional
For any
code of block length for the joint source
and function
as two encoder maps

Fig. 3. Example of a characteristic graph.

and a decoder map

Consider a distortion function,
vector extension

, with

where
. As in [8], we assume that the distortion
if and only if
. (Othfunction satisfies
erwise, one can define the equivalence classes of the function
values to make this condition hold.)
The probability of error is

A rate pair,
, is achievable for a distortion if there
exists a sequence of distributed functional codes at those rates
as
. The achievand distortion level such that
able rate region is the set closure of the set of all achievable
rates. Our most general objective is to find this achievable rate
region.
B. Previous Results
We begin by defining a construct useful in formulating all the
results.
Definition 2: The characteristic graph
of
with respect to
, and
is defined as follows:
, and
is in
if there exists a
such that
and
.
Defined thus,
is the “confusability graph” from the per, then the descripspective of the receiver. If
and
must be different to avoid confusion about
tions of
at the receiver. This was first defined by Shannon when
studying the zero error capacity of noisy channels [16]. Witsenhausen [17] used this graph to consider our problem in the case
when one source is deterministic, or equivalently, when one enwith 0 distortion. The characteristic
codes to compute
graph of with respect to
, and
is defined
analogously and denoted . When notationally convenient and
clear, we will drop the subscript.
The importance of using the characteristic graph construct becomes clear when considering independent sets1 of the graph.

G

1A subset of vertices of a graph
is an independent set if no two nodes
in the subset are adjacent to each other in . With the characteristic graph,
independent sets form equivalence classes.

G

By definition of the edge set, knowledge of
.
dent set uniquely determines
We illustrate this with Example 3.

and the indepen-

Example 3: To illustrate the idea of confusability and the
characteristic graph, consider again the sources from Example
1. Suppose both sources are uniformly and independently generating 3-bit integers. The function of interest is
, then the characteristic graph of
with respect
for all
, and is shown in Fig. 3. There
to
and
if and only if they differ in one
is an edge between
or both of their final two bits. This is because, given any
if and only if
and
have the same
final two bits.
Next we define graph entropy, which we use later to derive
more generally the communication rate required for problems
as in Example 3.
and a distribution
Definition 4: Given a graph
on the vertices , Körner [14] defines the graph entropy as
(1)
where
is the set of all independent sets of .
means that we are minimizing
The notation
such that
implies
over all distributions
where is an independent set of the graph . We now
demonstrate how this can be used to solve problems like that
given in Example 3.
Example 5: Consider again the scenario in Example 1 as
presented in Example 3. For the graph in Fig. 3, the maximal
independent sets are the sets with the same final two bits. To
, we must maximinimize
; this occurs when
is nonzero only over
mize
the 4 maximal independent sets of the graph. This is because
for all maximal independent . Therefore, we
.
get
Witsenhausen [17] considered a graph with vertices equal
and the edge set deto the support of the random variable
fined such that and have an edge when
; he
showed that the graph entropy is the minimal rate at which a
single source can be encoded such that a desired function can
be computed with zero distortion. Witsenhausen’s graph equals
with respect to
, and
the characteristic graph of
when is constant.
Orlitsky and Roche [2] defined an extension of Körner’s
graph entropy, the conditional graph entropy.
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Definition 6: The conditional graph entropy is
(2)
The additional constraint that
forms a Markov
chain formally enforces the constraint that should not contain
any information about that is not available through . If
and are independent,
.
Theorem 7 (Orlitisky–Roche Theorem, 2001 [2]): When
is the characteristic graph of with respect to
, and
, then
is the rate region for reliable
with zero distortion and
computation of the function
arbitrarily small probability of error when is available as side
information.
A natural extension of this problem is the functional compression with side information problem for nonzero distortion. Yamamoto gives a full characterization of the rate-distortion function for the side information functional compression problem
[9] as a generalization of the Wyner–Ziv side-information ratedistortion function [8]. Specifically, Yamamoto gives the rate
distortion function as follows.
Theorem 8 (Yamamoto Theorem, 1982): The rate distortion
function for the functional compression with side information
problem is

where
such that

is the collection of all distributions on
given
forms a Markov chain and there exists a
satisfying
.
This is a natural extension of the Wyner–Ziv rate-distortion
in the definition
result [8]. The constraint
of the Orlitsky–Roche rate (Definition 6) specifies a subset of
which retain optimality when
.
distributions in

as -colorings of
and
if they are valid colorings of
and
for any high-probability set and the corresponding
conditional distribution .
Alon and Orlitsky [18] defined the chromatic entropy of a
graph as follows.
Definition 10:

Well-known typicality results (e.g., [15]) imply that there
exists a high probability set for which the graph vertices
are roughly equiprobable. Thus, the chromatic entropy is a
representation of the chromatic number of high probability
subgraphs of the characteristic graph. We define a natural
extension, the conditional chromatic entropy, as follows.
Definition 11:

For any given
, the above optimizations are actually
minima and not infima because there are only finitely many subgraphs of any fixed , and thus, only finitely many -colorings
regardless of . Later, in order to use typicality results, we allow
the block length to grow without bound in order to drive the
and study the
error probability to zero and, therefore, use
infimum over all .
It is worth a note that such optimizations over space of coloring for a given graph are NP-hard [19]. However, the hope is
that simple heuristics [20], [21] might provide useful achievable
schemes in practice.
III. MAIN RESULTS
The proofs of the results described in this section appear in
Section V.

C. Graph Entropies

A. Functional Compression With Side Information

Our results depend on the use of more graph tools, which
we now describe. Alon and Orlitsky [18] defined the OR-power
where
and two vertices
graph of as
if any component
. Thus, two blocks of source observations are confusable iff
any pair of symbols in those blocks are confusable, i.e., OR
operation over confusability induced by the individual symbols
in the block pair.
of
A vertex coloring of a graph is any function
such that
implies
a graph
. The entropy of a coloring is the entropy of the induced
distribution on colors
where
and is called a color class.

We begin by describing the zero distortion problem for a
. There is no side informasingle source and function
tion at the decoder. Witsenhausen [17] tells us that the optimal
defined earlier in Definition
rate is the graph entropy
4 where is the characteristic graph of
with respect to the
. As stated earlier, the chromatic entropy is a repfunction
resentation of the chromatic number of a high -probability subgraph of the characteristic graph. Körner proved [14] that the
chromatic entropy approaches the graph entropy as block length
grows without bound.

Definition 9: Let
be an high-probability set if
. Let the conditional distribution on be denoted
for any
and
by , defined as
otherwise. Let the characteristic graph of
with
, and be denoted by
and the
respect to
, and by
characteristic graph of with respect to
. Clearly,
and
. We call
and

Theorem 12 (Körner Theorem, 1973):
(3)
The implications of this result are that we can compute a function of a discrete memoryless source with vanishing probability
of error by first coloring a sufficiently large power graph of the
characteristic graph of the source with respect to the function,
and then, encoding the colors using any code that achieves the
entropy bound on the colored source. The previous approach for
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B. Distributed Functional Compression

Fig. 4. Source coding scheme for the zero distortion functional compression
problem with side information.

achieving rates close to the bound
was to optimize with
respect to a distribution over
as in the definition of
.
This theorem allows us to move the optimization from finding
the optimal distribution to finding the optimal colorings. Thus,
our solution modularizes the coding by first creating a graph
coloring problem (for which heuristics exist), and then transmitting the colors using any existing entropy-rate code. Moreover,
we can extend this technique to the functional side information
case.
Next, consider the problem of lossless functional source
coding with side information. Orlitsky and Roche proved that
the optimal rate for the zero distortion functional compression
. Recall from
problem with side information equals
Definition 6 that
is also achieved by optimizing a
distribution over . Theorem 13 extends Körner’s Theorem to
conditional chromatic and conditional graph entropies.

In this section, we prove rate bounds for the distributed functional compression problem. The derived rate region is always
achievable and sometimes tight. The region directly arises from
the coloring arguments discussed in the above section.
Recall the lossless distributed functional compression
problem shown in Fig. 2. Our goal is to provide an achievability
scheme that extends the modular scheme given in Fig. 4 for
the side-information case, i.e., a scheme in which compression
of sources with respect to the function computation as well as
distributed transmissions are modularized. That is, the code first
precodes the data using coloring scheme and then describes the
colors using existing Slepian–Wolf source codes.
The Slepian–Wolf Theorem [3] states that in order to recover
at a receiver, it is both necessary and sufa joint source
ficient to encode separately sources and at rates
where

Denote this region by
.
For any and functions
and
defined on
and
,
the Slepian–Wolf region for
respectively, denote by
and
normalized by the block length. Precisely,
is the set of all
where

Theorem 13:

This theorem extends the previous result to the conditional
case. In other words, in order to encode a memoryless source,
for sufficiently large . Then, we
we first color a graph
encode each source symbol with its corresponding vertex’s
color. Finally, we use a Slepian–Wolf code on the sequence of
. This
colors achieving a rate arbitrarily close to
allows for computation of the function at the decoder. The
resulting code has rate arbitrarily close to the Orlitsky–Roche
by Theorem 13. Fig. 4 illustrates our coding
bound
scheme.
The Orlitsky–Roche achievability proof uses random coding
arguments and proves the existence of an optimal coding
scheme, but does not specify it precisely. Our coding scheme
allows the use of heuristics available for finding good colorings
as well as the use of optimal source codes that achieve the
conditional entropy. Finding the minimum-entropy colorings
required to achieve the bound is NP-hard [22], [19], but even
simple colorings (weakly)2 improve over the bound
that arises when trying to recover completely at the receiver
by the Data Processing Inequality. This solution gives the
corner points of the achievable rate region for the distributed
functional compression problem, considered next.

XY
XY

X Y

XY

2For all functions f ( ;
); H (c( ) j )  H ( j ). For any noninjective function f ( ; ) and large enough block length n; H (c( ) j ) <
H ( j ).

XY

X Y

If
is sent at rate
, it can be faithfully recovered
is
as given
at the receiver. Thus, the rate for
by Orlitsky and Roche. Similarly, when
. Therefore, we know the corner points
for the rate region for the distributed functional compression
problem.
Our goal is to determine the region and give a scheme analogous to the one given in Fig. 4 that achieves all rates in the
given region. We proceed with the following philosophy: color
and using the characteristic graphs
and , and encode
the colored sequences using codes achieving the Slepian–Wolf
bounds. We want to characterize when this approach is valid. In
other words, we want to find the conditions under which colorings of the characteristic graphs are sufficient to determine
for the zero distortion problem.
1) Zigzag Condition: A condition which is necessary and
sufficient for the proposed coloring scheme to give a legitimate
code follows.
Condition 14 (Legitimate Coloring): For any , consider
-colorings
and
of
and
with associated probaand
and the source
bility distribution . The colorings
are said to satisfy the Legitimate Coldistribution
,
oring condition if for all colors
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for all typical with some . Thus, the rate
must
which is minimized at
be
by Theorem 13.
Next, we derive a characterization of the minimum joint rate,
in terms of graph entropies.
Fig. 5. Illustration of the Zigzag Condition.

and all

such that
.
Condition 14 merely states that a pair of coloring
is
useful to reconstruct the function of interest with respect to the
probability distribution of interest. The next condition, called
Zigzag, suggests when do such Legitimate Coloring exist for a
given sources with high-probability.
Condition 15 (Zigzag Condition): A discrete memoryless
source
with distribution
satisfies the
, there exists
Zigzag Condition if for any
so that
satisfies the following (zigzag) property: for any
, there exists some
such that
for each
, and
for some
for each .
Fig. 5 illustrates the Zigzag Condition. If a solid line connects
. If a dashed line connects two
two values, then the pair is in
. Therefore, the Zigzag Condition
values, then the pair is in
is quite strict in the sense that many pairs must be typical. For
any source that does not satisfy the Zigzag Condition, coloring
and
independently still allows the decoder to uniquely
determine the function but may use more rate than required bepairs that are unlikely to
cause it treats as jointly typical
occur together. Thus, the Zigzag Condition should be viewed as
a strict condition under which coloring based scheme is rate optimal and may not be widely applicable. However, the coloring
based scheme is applicable more generally, but at suboptimal
rates.
where
2) Rate Region: Let
for all
and
are -colorings of
and
. Let be
largest set that is a subset of
for all
. Let be the set
closure of . Finally, let be the rate region for the distributed
functional compression problem. We can now state the rate region in the notation just given.
Theorem 16: For any
is an inner bound to the rate
region, and thus, is an inner bound to the rate region. In other
. Moreover, under the Zigzag Condition, the rate
words,
region for the distributed functional source coding problem is
.
Theorem 16 extends Theorem 13 to the distributed case by
showing that optimal (independent) coloring of characteristic
and
always yields a legitimate code, describing a
graphs
family of problems for which these codes guarantee an optimal
solution. While the above result is not a single-letter characterization, any nontrivial (noninjective) coloring does better than
the Slepian–Wolf rates, by the Data Processing Inequality (cf.
[15]).
The Orlitsky–Roche bound is consistent with our region at
by the following argument. If
, then

Corollary 17: Under the Zigzag Condition, if there is a
unique point that achieves the minimum joint rate, it must be
.
In this case, each encoder uses only its corresponding maror
) when encoding. The resulting rates are
ginal (
and
, respectively.
When the jointly optimal rate is not unique, Theorem 18
bounds the difference between the minimal rate-sum and
.
Theorem 18: Let
be the graph information of
tion of and
sum-rate,

and

for the graph
. Let
be the graph informafor the graph
. Let
equal the minimal
. Then, under the Zigzag Condition

Thus, for the case in Corollary 17, the mutual information of
the minimum entropy colorings of
and
goes to zero as

If the independent sets of
are large, then
and
are close, and
is close to zero.
Therefore, coloring followed by fixed block length compres, not
) is not too far from optimal by
sion (using
Theorem 18. (Similarly, for
.) Another case when the right
hand side of Theorem 18 is small is when and have small
and
are independent, the
mutual information. In fact, if
right hand side is zero and Corollary 17 applies.
The region given in Theorem 16 has several interesting properties. First, it is convex by time-sharing arguments for any
two points in the region. Second, when there is a unique point
achieving the minimal sum-rate, we can give a singleletter characterization for that point (Corollary 17). When it is
not unique, we have given a simple bound on performance.
Fig. 6 presents a possible rate region for the case where the
minimal sum rate is not uniquely achieved. (For ease of reading,
and
and write for both.)
we drop the subscripts for
The “corners” of this rate region are
and
, the Orlitsky–Roche points, which
can be achieved with graph coloring, in the limit sense, as de, the
scribed earlier. For any rate
joint rate required is less than or equal to the joint rate required
by a time-sharing of the Orlitsky–Roche scheme. The inner region denoted by the dotted line is the Slepian–Wolf rate region.
The other point we characterize is the minimum joint rate
. Thus, we
point (when unique) given as
have given a single-letter characterization for three points in
the region.
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Fig. 6. Example rate region for the zero distortion distributed functional compression problem.

C. Functional Compression With Side Information
We now consider the functional rate distortion problem; we
give a new characterization of the rate distortion function given
by Yamamoto. We also give an upper bound on that rate distortion function which leads to an achievability scheme that mirrors
those given in the functional side information problem.
Recall the Yamamoto rate distortion function (Theorem 8).
According to the Orlitsky–Roche result (Theorem 7), when
, any distribution over independent sets of the characteristic
imposed) is in
.
graph (with the Markov chain
can be thought of as a distribution over
Any distribution in
independent sets of the characteristic graph.
We claim that finding a suitable reconstruction function, , is
from
equivalent to finding the decoding function on
Theorem 8.
denote the set of all functions
For any , let
such that
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infinite. Moreover, any allowable graph dictates a function,
but it has no meaning in terms of distortion. Given a function
, choosing the values that minimize expected distortion is
a tractable optimization problem. This shows that if one can
approximate with , the compression rate might improve
(even when is not optimal).
The problem of finding an appropriate function is equivalent to finding a new graph whose edges are a subset of the edges
of the characteristic graph. This motivates Corollary 20 where
to look at a subset of
we use the a graph parameterized by
. The resulting bound is not tight, but it provides a practical tool for tackling a very difficult problem.
with respect to
Define the -characteristic graph of
, and
, as having verticies
and having
as an edge if there exists some
such that
the pair
and
. Denote
. Because
if and only if
,
this graph as
the 0-characteristic graph is the characteristic graph, i.e.,
.
Corollary 20: The rate
is achievable.
Constructing this graph is not computationally difficult when
the number of vertices is small. Given the graph, we have a set of
equivalence classes for . One can then optimize by choosing
those values for the equivalence classes that minimize distortion. However, any legal values (values that lead to the graph
) will necessarily still have distortion within . Indeed, this
construction guarantees not only that expected distortion is less
than or equal to , but also that maximal distortion is always
less than or equal to . There are many possible improvements
to be made here.
Theorem 13 and the corresponding achievability scheme,
Corollary 20, give a simple coding scheme that may potentially
lead to large compression gains.
D. Possible Extensions

To prove the claim, we consider blocks of length
. The
.
functions in the expectation above will be on
. Let
denote the characLet
teristic graph of
with respect to
, and for any
. For each
and all functions
, denote
for brevity the normalized graph entropy
as
.
Theorem 19:

Note that
must be a subgraph of the characteristic graph
(for appropriate ) with respect to . Because
is finite, there are only finitely many subgraphs. Thus, for any fixed
error and associated block length , this is a finite optimization. This theorem implies that once the suitable reconstruction
function is found, the functional side information bound (and
achievability scheme) using the graph
is optimal in the
limit.
is an (uncountably) infinite set, but
Unfortunately,
the set of graphs associated with these functions is countably

In all of the above problems, our achievability schemes are
modular, providing a separation between the computation of the
function and the lossless compression of the function descriptors.
The computation module is a graph coloring module. The
specific problem of interest for our scheme is NP-hard [22],
[19], but there is ample literature providing near-optimal graph
coloring heuristics for special graphs or heuristics that work
well in certain cases [20], [21].
The lossless correlation module is a standard entropy coding
scheme such as a Slepian–Wolf code. There are many practical
algorithms with near-optimal performance for these codes, e.g.,
DISCUS codes [6] and source-splitting techniques [7].
Given the separation, the problem of functional compression
becomes more tractable. While the overall problem may still
be NP-hard, one can combine the results from each module to
provide heuristics that are good for the specific task at hand.
We note that our results treat only two sources and . Lossless distributed source codes for the more general scenario of
sources exist in the literature [15, p. 415]. Thus, it seems likely
that given a suitable extension of the graph coloring technique
and the Zigzag Condition, our results would generalize to
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Fig. 7. Blue Force Tracking Data.

sources. We focus on the two-source scenario because, as with
Slepian–Wolf, it gives many insights into the problem. We leave
the extension to future work.
IV. SIMULATION RESULTS
In this section, we present an application of the work presented in the previous sections. We consider a sensor network
scenario in which there are several sources communicating with
some central receiver. This receiver wishes to learn some function of the sources.
Specifically, we consider Blue Force Tracking, which is a
GPS system used by the U.S. Armed Forces to track friendly and
enemy movements. Sometimes the nodes in the system communicate with each other, and sometimes they communicate with
some central receiver, such as a UAV, which is the case considered here.
We present preliminary experimental results for the algorithm
given for the distributed functional compression. We obtained
tracking data from SRI International.3 This data represents GPS
location data. It includes information on various mobiles, including latitude and longitude coordinates. We ignored the other
information (e.g., altitude) for the purpose of this simulation. In
Fig. 7, two curves represent trajectories of two different vehicles over time with axis representing co-ordinates.
We focused on these two mobiles as our sources. We assume that our sources are the positional differences (i.e.,
-encoding),
and
, where each is actually a pair,
and
, of the
latitude and longitude data. The use of -encoding assumes
that the positional differences form a Markov chain, a common
assumption. Our goal is to test the hypothesis that significant
encoding gains can be obtained even with very simple coloring
schemes when a function of sources, but not entire sources are
3We thank Dr. A. Heller for providing the data, available at: http://www.ai.
sri.com/ajh/isat.

Fig. 8. Levels of compression.

required to be recovered. We consider three relative proximity
functions4 for our analysis

Thus, the functions are 1 when the sources change their relative position by less than (along some axis or both), and 0
otherwise. To compare the results of our analysis with current
where
is commethods, we consider the joint rate
and
is communicated at rate . There
municated at rate
are several means of rate reduction summarized in Fig. 8.
First, the most common means (in practice) of communication is to actually communicate the full index of the value.
takes
possible values and
takes
This means that if
possible values, each source will communicate those values
bits and
bits, respectively. Thus, the total
using
rate is
. This is clearly inefficient.
Second, we can immediately reduce the rate by compressing
each source before communication. Therefore, the rate for
would be
, and the rate for
would be
4We would have liked to use a true proximity function, but then we could not
form a valid comparison because our uncolored rate would be in terms of -encoding, but our coloring would necessarily have to be in terms of an encoding
of the true position. Therefore, we examine functions that measure how far two
mobiles moved towards or away from each other relative to their previous distance, a kind of distance of positional differences.

1
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Fig. 9. Empirical probability versus rate.

TABLE III
EMPIRICAL RESULTS FOR OUR ENCODING SCHEME

. The total rate would be
. This is strictly
better than the first method unless the sources are uniformly
distributed.
Third, we can further reduce the rate using correlation, or
Slepian–Wolf, encoding. We could use any of the techniques already developed to achieve near optimal rates, such as DISCUS
codes [6] and source-splitting [7]. The joint rate would be
. This is strictly better than the second
method unless the sources are independent.
Fourth, we can use our coloring techniques from
Section III.B. If we consider each source communicating
its color to the central receiver, then the resulting total rate
. This may
would be
not be better than the above third method, though it certainly
will be for independent sources. It will always be better than
the second method.
Finally, we can use Slepian–Wolf coding over the colors to
, which will
achieve a joint rate of
and
are
be strictly better than the third method unless
both injective and strictly better than the fourth method unless
and
are independent. Thus, the rate relations are
as follows:

becomes more extreme and approaches either 0 or 1, the rate
reduction will become more extreme and approach 100%—if
or
with probability 1, then there is nothing
to communicate, and, hence, the rate required is 0. This is shown
in Fig. 9, where we plot the empirical probability
versus the rate
.
if we used
We expect it would be more symmetric about
optimal encoding schemes. However, we are only considering
(no power graphs) when coloring, as well as a quite
simple coloring algorithm. Had we used power graphs, our rate
gains would be higher, though the computational complexity
would increase exponentially with . Our coloring algorithm
was a simple greedy algorithm that did not use any of the probability information, nor was it an -coloring. We expect better
gains with more advanced graph coloring schemes.
In Table III, we present the rate results for the various stages
of compression in Fig. 8. All units are in bits. In the table, we
use the values of that provide the smallest rate reductions;
in other words, we use the worst-case rates by testing various
as in Fig. 9. The percentage next to each number shows the
percentage decrease in rate. Thus, for the first column, we see
0%, and in the second, we see
%

In our simulations, we test various values of to see how
, which changes with
the likelihood
, affects the rate reduction.5 Intuitively, we expect that as
5We only show our results for f
f and f
.

for brevity. The intuition also applies to

We can see that the sources are close to independent, as
is only slightly smaller than
. Therefore, there is
not much gain when considering the correlation between the
sources. Nevertheless, the coloring provides a great deal of
and
, the rate has been
coding gain. For the simpler
reduced almost threefold.
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This provides evidence that our techniques can indeed lead
to large rate gains. For the simpler functions, the rate has been
reduced over 60%. Further, considering that the indices are often
sent without compression, it is worth noting that even simple
compression is 15% better.

(cf. Lemma 23). Putting these two, asymptotically
matching, bounds together we shall obtain the Theorem 13.
2) Lower Bound: Here we state a lower bound on
in terms of
.
Lemma 22:

V. PROOFS AND ANCILLARY RESULTS
In this section, we provide full proofs of all our previously
stated results.
A. Functional Compression With Side Information
We recall Theorem 13
(4)
To prove this, we borrow proof techniques from Körner [14],
and Orlitsky and Roche [2]. We first state some more typicality
results. We use the notion of -strong typicality.
Lemma 21: Suppose
is a sequence of random variables drawn independently and according to the joint distribu, which is the marginal of
. Let an -setion
be drawn independently according to its marginal,
quence
. Suppose the joint distribution
forms a Markov
. Then, for all
, there is an
,
chain,
, such that
where depends only on the distribution
for sufficiently large .
1)
, and
.
.
2) For all
.
3) For all
4) For all

Part 1 follows from [15, Lemma 13.6.1], parts 2 and 3 follow
from [15, Lemma 13.6.2], and part 4 follows from [15, Lemma
14.8.1].
1) Proof Plan for Theorem 13: Consider any and the cor. By definition of conditional
responding OR-product graph
chromatic entropy, as
, the conditional entropy of -colapproaches (from below)
. That is, for
oring of
, we have an -coloring of
with reany small enough
so that
spect to the underlying distribution

With this coloring, we prove that there is a scheme that ensuch that the decoder can compute
codes at rate
with small probability of error. Proving that would
essentially establish achievability of the rate
and hence lower bound of
on
,
since Theorem 7, implies that no achievable rate can be below
. This is summarized in Lemma 22.
To establish a matching upper bound, we use novel technique
can be bounded above by
to show that essentially

Proof: For any given
, let , as above, denote -colfor any small enough
so that
oring on
is within of
, for the characteristic graph of
with respect to
, and
. Given that is an -colbe the corresponding high-probaoring, let set
and let be the conditional distribility set, i.e.,
, the set of all colors,
bution on . Let
with assumption that is extended beyond in a trivial manner.
and
, let
Now for every color
where
and
Of course, if no such exists, we define to have some default
value (which will only lead to an error in reconstructing ). We
wish to argue that this reconstructs with low probability of
error.
with
. Suppose
To this end, consider
and
are available at the decoder where is
defined as above. Then, there is a decoding error when
. This is true only if (a) there exists some
such that
,
is assigned default value. First note that either
or (b)
or
. By definition,
. When
, the error of type (b) can not happen. Therefore, the
probability of error of type (b) is at most . Now if error of type
. Further, for some
(a) happens then it must be that
, we have
and
.
. But then there must be an edge
That is,
in the graph with respect to
and . Therebetween
fore, the color assigned to and must be different. This is
a contradiction. That is, error of type (a) can not happen. In
conclusion, our function reconstructs with probability at
.
least
Finally, to make the construction of possible at the decoder,
it remains to be seen how to make
and available at the
decoder. Recall that if a source is encoded at a rate equal to its
entropy, it can be recovered to arbitrarily small probability of
error at the decoder. Thus, having available at the decoder as
side information is the same as encoding at rate greater than
. Recall that the Slepian–Wolf Theorem [3] for sources
and states that if
, an encoding with rate
suffices to recover
at the decoder.
We consider our source as
. Thus, an encoding
suffices to recover the functions
of rate at least
with arbitrarily small probability of error. Encoders (and
corresponding decoders) exist by the Slepian–Wolf Theorem.
be such an encoding with
Let
its corresponding
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decoder. Thus, the idea here is to first color -blocks of the
source. Then, one encodes -blocks of the colors. The overall
.
rate will be
Formally, fix some
. Suppose
. With an encoder
as above, let be such that

Next, our encoder will declare an error when there is no such
. This occurs with probability
that

(5)
To show achievability, we need to prove that there exists an
and a decoder
encoder
such that the probability of error is also small:
(6)
To prove this, define our encoder as

Then define the decoder as

when correctly recovers the pair
and is undefined
otherwise.
The probability that fails is less than by (5). If does
not fail, then, as described earlier, the function will be correctly
. Choose
recovered with probability at least
to obtain the overall probability of recovery
. Note that
the choice of and are not mutually constraining. Finally, by
in place of in all of the above, we have obtain (6).
taking
is achievable.
Therefore, for any , the rate
Thus, using Theorem 7 we obtain that

where (a) and (b) follow because the
are independent and
identically distributed, (c) follows from Lemma 21 part 2, and
. Assuming
(d) follows because for

because is large enough such that the final inequality holds.
Henceforth, fix an
-system
for some
. Further, assume there is some such
.
that
.
For each , let the smallest (or any) such be denoted as
Note that is an -coloring of the graph
. For each , define

Then,
, because our coloring scheme is
simply an assignment of the indices of the -system. Thus, we
know

This completes our proof of the lower bound.
3) Upper Bound: Next, we prove that the encoding rate regiven is at most
:
quired to recover

Similarly, we get

. Thus

Lemma 23:

Proof: Suppose
. Suppose is (sufficiently
, (2)
large) such that: (1) Lemma 21 applies with some
, and (3)
.
Let
be the distribution that achieves the
with the Markov property
. (This is guaranteed
, and
the
to exist by Theorem 7.) Denote by
marginal distributions. For any integer , define an -system
where each
is drawn independently with
.
distribution
.
Our encoding scheme will declare an error if
This means that the encoder will code over colorings of the
characteristic graphs. By construction, this error happens with
.
probability less than . Henceforth assume that

We know that if
, there is some such that
and
. For each such , we must have (by defini. For each such where
tion of our coloring),
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by Lemma 21 part 4. Thus, we have
. This, along with Jensen’s inequality, imply

The lower and upper bounds, Lemmas 22 and 23, combine to
give Theorem 13

Finally, (using a Taylor series expansion) we know
when
. Thus

B. Distributed Functional Compression
(7)

We compute

because the

are i.i.d. Therefore
(8)

by Lemma 21 part 3.
By the definition of
requires at most

, we know that determining given
bits. Therefore, we have

Recall that the Theorem 16 states that the achievable rate region for the distributed functional compression problem, under
the Zigzag Condition (Condition 15), is the set closure of the set
of all rates that can be realized via graph coloring.
We prove this by first showing that if the colors are available at the decoder, the decoder can successfully compute the
function. This proves achievability. Next, we show that all valid
encodings are -colorings of the characteristic graphs (and their
powers). This establishes the converse.
1) Achievability: We first prove the achievability of all rates
in the region given in the theorem statement.
Lemma 24: For sufficiently large and -colorings
of
and
, respectively, there exists

and

(9)
Putting it all together, we have

where (a) follows by definition of the conditional chromatic
entropy, (b) follows from inequality (9), (c) follows from inequality (7), (d) follows from inequality (8), (e) follows by set, and (f) follows because
ting
for
.
For Markov chains

Thus, for our optimal distribution

such that
for all
.
, and that we have colProof: Suppose that
orings
and . We proceed by constructing . For any two
and
, let
and
colors
be any (say the first) pair such that
.
Define
. There must be such a pair because
certainly
qualifies.
To show that this function is well-defined on elements in the
and
are both in . Suppose
support, suppose
and
. Then, we
further that
know that there is no edge
in the high-probability subor
in the edge set of the high-probability
graph of
, by definition of graph coloring.
subgraph of
such that
By the Zigzag Condition, there exists some
. We claim that there is
or
for either . We prove this for
no edge between
, with the other cases following naturally. Suppose there
were an edge. Thus, there would be some such that
. This implies that
for some .
Define as in every component but the th, where it is .
We know that for all

, we have
by definition of -typicality. Therefore

Because

. Thus,
. This completes the proof for the upper

bound
for all
such that
Next, we can choose
Then, for
or

and
.
large enough such that
.
, the empirical frequency changes by
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at most . Thus, for all
we have

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 8, AUGUST 2010

(including

and

),

Thus,

is -typical with both
and . By construction,
. Therefore, there must be an edge in the
, an impossibility.
high-probability subgraph between
Thus, there is no edge
. The others follow similarly.
Thus, by definition of the graph

Therefore, our function
property.

is well-defined and has the desired

Then, Lemma 24 implies that we can successfully compute
our function given colors of the characteristic graphs. Thus, if
the decoder is given colors, it can look up based on its table
of . The question is now of faithfully (with probability of error
less than ) transmitting these colors to the receiver. However,
when we consider the colors as sources, we know the achievable
rates.
Lemma 25: For any
-colorings
and
of
and
, respectively, the achievable rate region for joint source
is the set of all rates,
, satisfying

Proof: This follows directly from the Slepian–Wolf Theorem [3] for the separate encoding of correlated sources.
Suppose the probability of decoder error for the decoder guaranteed in Lemma 25 is less than . Then the total error in the
coding scheme of first coloring
and
, and then encoding
those colors to be faithfully decoded at the decoder is upperbounded by the sum of the errors in each stage. Thus, Lemmas
24 and 25 together to show that the probability that the decoder
errs less than for any provided that (and block size on
the colors)is large enough.
Finally, in light of the fact that source symbols are encoded
for each color, the achievable rate region for the problem under
such that
the Zigzag Condition is the set of all rates

where
and
are achievable -colorings (for any
).
is achievable for all
. ThereThus, every
is achievable.
fore, every
2) Converse: Next, we prove that any distributed functional
source code with small probability of error induces a coloring.
. Define for all
Suppose

This is the set of all functions that equal to within probability
of error. (Note that all achievable distributed functional source
for large enough .)
codes are in
Lemma 26: Consider some function
. Any
distributed functional code that reconstructs with zero error
) induces colorings on the
(with respect to a distribution
, and
characteristic graphs of and with respect to
and , respectively.
and , decoder ,
Proof: Suppose we have encoders
and characteristic graphs
and
. Then a zero error resuch that
construction implies that for any
, and
if
, then
(10)
and
are valid colorings of
and
We now show that
. We demonstrate the argument for . The argument for
is analogous. We proceed by contradiction. If it were not
true, then there must be some edge with both vertices with the
such
same color. In other words, there must exist
that
, and
. This is impossible (by taking
in (10)).
Hence, we have induced colorings of the characteristic graphs.
We now show that any achievable distributed functional code
also induces an -coloring of the characteristic graphs.
Lemma 27: All achievable distributed functional codes induce -colorings of the characteristic graphs.
Proof: Let
be such a
code. Then, we know that a zero-error reconstruction (with reand , of the characterspect to ) of induces colorings,
istic graphs with respect to and by Lemma 26. Let the set
of all
such that
be denoted as . Then
, we know that
. Therefore, the funcbecause
and
(by
tions and restricted to are -colorings of
definition).
Thus, the Lemma 26 and Lemma 27 establish Theorem 16 in
full.
3) Minimal Joint Rate: Recall Corollary 17 states that under
the zigzag condition, when there is a unique point achieving the
.
minimum joint rate, it must be
Proof:
First, we recall that the rate pair
can be achieved via graph colorings. This is true by the achievability result of Theorem 16
along with Theorem 12, which states that graph colorings can
and
. In the achievability
achieve each of
proof above, we showed that, under the zigzag condition,
any coloring scheme will lead to achievable rates. Therefore,
is in the rate region. (Note, that we have
not yet used the uniqueness of the minimum.)
achieves the minimum joint rate. By
Suppose
Theorem 16, this must be in some Slepian–Wolf region
for the colors. Because it is a minimum, we must have
. This can be achieved with
and
or with
and
.
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By assumption, there is only one such point; thus, we must
as
. Thus, the minimal
have
as
.
rate is
We know for all
by Theorem 12.
Therefore, we must have that the minimum achievable joint
.
rate is
This corollary implies that minimum entropy colorings have
decreasing mutual information as increases. Thus, the closer
we are to the optimum via graph coloring, the less complicated
our Slepian–Wolf codes must be. In the limit, because mutual
information is zero, each source only needs to code to entropy.
Thus, the Slepian–Wolf codes are unnecessary when achieving
the minimal joint rate. (Nevertheless, finding the minimum entropy colorings is, again, NP-hard.)
Next in Theorem 18, we consider the case when the minimum
is not uniquely achievable.
Proof: The joint rate must always satisfy

The first inequality follows from the Data Processing Inequality
, and the second folon the Markov chain
lows by definition of the conditional graph entropy. Similarly,
we get:

Thus, the difference between the optimal rate
, and
the rate given in Corollary 17 is bounded by the following two
inequalities:

C. Functional Rate Distortion
In this section, we prove Theorem 19 and Corollary 20 for the
functional rate distortion problem.
We restate Theorem 19 for completeness

Proof: We prove that the given characterization is valid
by first showing the rate
is achievable for any
, and next showing that every achievability scheme
must be in
.

3915

By Orlitsky and Roche, we know that the rate
is sufficient to determine the function
at the receiver.
By definition

Thus, the rate
is achievable.
Next, suppose we have any achievable rate , with corresponding sequence of encoding and decoding functions
and
respectively. Then the function
is a
function
with the property (by achievability) that
(again because as
is driven to 0). Thus,
, completing
the proof of Theorem 19.
Next we prove Corollary 20, which states that
is an achievable rate. We show this by demonstrating that any
satisfying
and
distribution on
also satisfies the Yamamoto requirement (i.e., is also in
).
Proof: Suppose
is such that
, or
is a Markov chain. Further suppose that
. Then define
where
is any (say, the first)
with
.
This is well-defined because the nonexistence of such that
is a zero probability event, and
occurs with
probability one by assumption.
Further, because
is an independent set, for any
, one must have
, the edge set
of
. By definition of
, this means that for all
such that
, it must be the case that
. Therefore

because both
and
are probability 1 events.
We have shown that for a given distribution achieving the
conditional graph entropy, there is a function on
that
has expected distortion less than . In other words, any distribution satisfying
and
is also in
. Further, any such distribution can be associated with a coding scheme, by Orlitsky and Roche’s work [2],
that achieves the rate
. When the distribution is
chosen such that
is minimized, this is by definition
equal to
. Thus, the rate
is achievable,
proving Corollary 20 and providing a single-letter upper bound
for
.
VI. CONCLUSION
This article has considered the problem of coding for computing in new contexts. We considered the functional compression problem with side information and gave novel solutions for
both the zero and nonzero distortion cases. These algorithms
gave an explicit decoupling of the computing from the correlation between the sources as a graph coloring problem. We
proved that this decoupling is rate-optimal. We extended this
encoding scheme to the distributed functional compression with
zero distortion. We gave an inner bound to the rate region, and
gave the conditions under which the decoupling is optimal in
the distributed case.
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We never considered the nonzero-distortion distributed functional compression problem, mainly because even the case of
is unsolved. Nevertheless, it is our hope that
the methods discussed in this article will yield new results for
the more general problem.
All of our results concern two sources. An extension of these
sources seems plausible. However, the graph conresults to
structs used rely heavily on the two-source structure and would
need to be modified to deal with
sources. We leave that to
future work.
Finally, we examined the applicability of our results. For
Blue Force Tracking, we saw that even simple coloring schemes
yielded large compression gains (64%).
In summary, this article is about modeling the distillation of
relevant information from disparate sources. We hope the work
presented herein serves as a step towards more research in this
area.

[17] H. S. Witsenhausen, “The zero-error side information problem and
chromatic numbers,” IEEE Trans. Inf. Theory, vol. IT-22, no. 5, pp.
592–593, Sep. 1976.
[18] N. Alon and A. Orlitsky, “Source coding and graph entropies,” IEEE
Trans. Inf. Theory, vol. 42, no. 5, pp. 1329–1339, Sep. 1996.
[19] J. Cardinal, S. Fiorini, and G. V. Assche, “On minimum entropy graph
colorings,” in Proc. ISIT, Jun.–Jul. 2004, p. 43.
[20] G. Campers, O. Henkes, and J. P. Leclerq, “Graph coloring heuristics:
A survey, some new propositions and computational experiences on
random and “Leighton’s” graphs,” in Proc. Operations Research, G.
K. Rand, Ed., 1988, pp. 917–932.
[21] C. McDiarmid, “Colourings of random graphs,” in Graph Colourings,
ser. Pitman Research Notes in Mathematics Series, R. Nelson and R.
J. Wilson, Eds. Essex, U.K.: Longman Scientific & Technical, 1990,
pp. 79–86.
[22] Q. Zhao and M. Effros, “Lossless and near-lossless source coding for
multiple access networks,” IEEE Trans. Inf. Theory, vol. 49, no. 1, pp.
112–128, Aug. 2003.
Vishal Doshi (S’05) received the B.S. degree in electrical engineering and the
B.S. degree in mathematics from the University of Illinois in Urbana-Champaign, Urbana, and the M.S. degree in EECS from the Laboratory for Information and Decision Systems, Massachusetts Institute of Technology, Cambridge,
in 2008.

ACKNOWLEDGMENT
The authors would like to thank Dr. A. Heller for providing
the Blue Force Tracking data used in our simulations. The authors would also like to thank anonymous reviewers for their detailed feedback which has improved the readability of this work.
REFERENCES
[1] C. E. Shannon and W. Weaver, A Mathematical Theory of Communication. Champaign, IL: Univ. Illinois Press, 1963.
[2] A. Orlitsky and J. R. Roche, “Coding for computing,” IEEE Trans. Inf.
Theory, vol. 47, no. 3, pp. 903–917, Mar. 2001.
[3] D. Slepian and J. K. Wolf, “Noiseless coding of correlated information
sources,” IEEE Trans. Inf. Theory, vol. 19, no. 4, pp. 471–480, Jul.
1973.
[4] R. F. Ahlswede and J. Körner, “Source coding with side information
and a converse for degraded broadcast channels,” IEEE Trans. Inf.
Theory, vol. 21, no. 6, pp. 629–637, Nov. 1975.
[5] J. Körner and K. Marton, “How to encode the modulo-two sum of binary sources,” IEEE Trans. Inf. Theory, vol. 25, no. 2, pp. 219–221,
Mar. 1979.
[6] S. S. Pradhan and K. Ramchandran, “Distributed source coding using
syndromes (DISCUS): Design and construction,” IEEE Trans. Inf.
Theory, vol. 49, no. 3, pp. 626–643, Mar. 2003.
[7] T. P. Coleman, A. H. Lee, M. Médard, and M. Effros, “Low-complexity approaches to Slepian–Wolf near-lossless distributed data compression,” IEEE Trans. Inf. Theory, vol. 52, no. 8, pp. 3546–3561, Aug.
2006.
[8] A. Wyner and J. Ziv, “The rate-distortion function for source coding
with side information at the decoder,” IEEE Trans. Inf. Theory, vol. 22,
no. 1, pp. 1–10, Jan. 1976.
[9] H. Yamamoto, “Wyner–Ziv theory for a general function of the correlated sources,” IEEE Trans. Inf. Theory, vol. 28, no. 5, pp. 803–807,
Sep. 1982.
[10] T. Berger and R. W. Yeung, “Multiterminal source encoding with
one distortion criterion,” IEEE Trans. Inf. Theory, vol. 35, no. 2, pp.
228–236, Mar. 1989.
[11] J. Barros and S. Servetto, “On the rate-distortion region for separate encoding of correlated sources,” in Proc. IEEE Symp. Information Theory
(ISIT), Yokohama, Japan, 2003, p. 171.
[12] A. B. Wagner, S. Tavildar, and P. Viswanath, “Rate region of the
quadratic gaussian two-terminal source-coding problem,” IEEE Trans.
Inf. Theory, Feb. 2006.
[13] H. Feng, M. Effros, and S. Savari, “Functional source coding for networks with receiver side information,” in Proc. Allerton Conf. Communication, Control, and Computing, Sept. 2004, pp. 1419–1427.
[14] J. Körner, “Coding of an information source having ambiguous alphabet and the entropy of graphs,” in Proc. 6th Prague Conf. Information Theory, 1973, pp. 411–425.
[15] T. M. Cover and J. A. Thomas, Elements of Information Theory.
Hoboken, NJ: Wiley, 1991.
[16] C. E. Shannon, “The zero error capacity of a noisy channel,” IEEE
Trans. Inf. Theory, vol. IT-2, no. 3, pp. 8–19, Sep. 1956.

Devavrat Shah (S’01–M’05) received the B.Tech. degree in computer science
and engineering from IIT-Bombay, India, in 1999, with the honor of the President of India Gold Medal, and the Ph.D. degree from the Computer Science
Department, Stanford University, Stanford, CA, in October 2004.
He was a postdoctorate in the Statistics Department, Stanford University,
from 2004–2005. He is currently a Jamieson career development Associate Professor with the Department of Electrical Engineering and Computer Science,
Massachusetts Institute of Technology, Cambridge. He is a member of the Laboratory of Information and Decision Systems (LIDS) and affiliated with the Operations Research Center (ORC). His research focus is on theory of large complex networks which includes network algorithms, stochastic networks, network
information theory, and large-scale statistical inference.
Dr. Shah was coawarded the best paper awards at the IEEE INFOCOM’04,
ACM SIGMETRICS/Performance’06 and the best student paper awards at
Neural Information Processing Systems’08 and ACM SIGMETRICS/Performance’09. He received 2005 George B. Dantzig best disseration award from
the INFORMS. He received the first ACM SIGMETRICS Rising Star Award
2008 for his work on network scheduling algorithms.
Muriel Médard (S’90–M’95–SM’02–F’08) received B.S. degrees in electrical
engineering and computer science as well as mathematics in 1989, the B.S. degree in humanities in 1990, the M.S. degree in electrical engineering in 1991,
and the Sc.D. degree in electrical engineering in 1995, all from the Massachusetts Institute of Technology (MIT), Cambridge.
She is a Professor of Electrical Engineering and Computer Science at MIT.
She was previously an Assistant Professor in the Electrical and Computer Engineering Department and a member of the Coordinated Science Laboratory at
the University of Illinois Urbana-Champaign. From 1995 to 1998, she was a
Staff Member at MIT Lincoln Laboratory in the Optical Communications and
the Advanced Networking Groups. Her research interests are in the areas of network coding and reliable communications, particularly for optical and wireless
networks.
Prof. Médard has served as an Associate Editor for the Optical Communications and Networking Series of the IEEE JOURNAL ON SELECTED AREAS IN
COMMUNICATIONS, as an Associate Editor in Communications for the IEEE
TRANSACTIONS ON INFORMATION THEORY, and as an Associate Editor for the
OSA Journal of Optical Networking. She has also served as Guest Editor for
the IEEE JOURNAL OF LIGHTWAVE TECHNOLOGY, for the Joint Special Issue
of the IEEE TRANSACTIONS ON INFORMATION THEORY and the IEEE/ACM
TRANSACTIONS ON NETWORKING on “Networking and Information Theory”
and for the IEEE TRANSACTIONS ON INFORMATION FORENSICS AND SECURITY
Special Issue on “Statistical Methods for Network Security and Forensics.”
She serves as an associate editor for the IEEE/OSA JOURNAL OF LIGHTWAVE
TECHNOLOGY. She is a recipient of the William R. Bennett Prize in the Field of
Communications Networking, the 2002 IEEE Leon K. Kirchmayer Prize Paper
Award, and the Best Paper Award at the Fourth International Workshop on the
Design of Reliable Communication Networks (DRCN 2003). She received
the NSF CAREER Award in 2001 and was corecipient of the 2004 Harold E.
Edgerton Faculty Achievement Award at MIT. She was named a 2007 Gilbreth
Lecturer by the National Academy of Engineering. She serves as a member of
the Board of Governors of the IEEE Information Theory Society.

DOSHI et al.: FUNCTIONAL COMPRESSION THROUGH GRAPH COLORING

Michelle Effros (S’93–M’95–SM’03–F’09) received the B.S. degree with distinction in 1989, the M.S. degree in 1990, and the Ph.D. degree in 1994, all in
electrical engineering from Stanford University, Stanford, CA.
During the summers of 1988 and 1989, she worked at Hughes Aircraft Company. She joined the faculty at the California Institute of Technology, Pasadena,
in 1994 and is currently a Professor of Electrical Engineering. Her research interests include information theory, network coding, data compression, and communications.
Dr. Effros received Stanford’s Frederick Emmons Terman Engineering
Scholastic Award (for excellence in engineering) in 1989, the Hughes Masters
Full-Study Fellowship in 1989, the National Science Foundation Graduate
Fellowship in 1990, the AT&T Ph.D. Scholarship in 1993, the NSF CAREER
Award in 1995, the Charles Lee Powell Foundation Award in 1997, the Richard
Feynman–Hughes Fellowship in 1997, an Okawa Research Grant in 2000,
and was cited by Technology Review as one of the world’s top 100 young
innovators in 2002. She and her coauthors received the 2009 Communications
& Information Theory Society Joint Paper Award for the paper “A Random
Linear Network Coding Approach to Multicast,” which appeared in the IEEE
TRANSACTIONS ON INFORMATION THEORY in October 2006. She is a member

3917

of Tau Beta Pi, Phi Beta Kappa, Sigma Xi, and a fellow of the IEEE. She served
as the Editor of the IEEE Information Theory Society Newsletter from 1995
to 1998 and as a Member of the Board of Governors of the IEEE Information
Theory Society from 1998–2003 and 2008–present and has been a member
of the Advisory Committee for the Computer and Information Science and
Engineering (CISE) Directorate at the National Science Foundation from 2009
to the present. She served on the IEEE Signal Processing Society Image and
Multi-Dimensional Signal Processing (IMDSP) Technical Committee from
2001 to 2007 and on ISAT from 2006 to 2009. She was an Associate Editor
for the joint special issue on Networking and Information Theory in the IEEE
TRANSACTIONS ON INFORMATION THEORY and the IEEE/ACM TRANSACTIONS
ON NETWORKING and as an Associate Editor for Source Coding for the IEEE
TRANSACTIONS ON INFORMATION THEORY from 2004 to 2007. She is currently
serving as an Associate Editor for the upcoming special issue of the IEEE
TRANSACTIONS ON INFORMATION THEORY honoring Prof. R. Koetter. She
has served on numerous technical program committees and review boards,
including serving as general cochair for the 2009 Network Coding Workshop.
She will serve as cochair of the Technical Program Committee for the International Symposium on Information Theory in 2012.

