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ABSTRACT
Computing a ranking over choices using consumer data gathered
from a heterogenous population has become an indispensable mod-
ule for any modern consumer information system, e.g. Yelp, Net-
flix, Amazon and app-stores like Google play. In such applications,
a ranking or recommendation algorithm needs to extract mean-
ingful information from noisy data accurately and in a scalable
manner. A principled approach to resolve this challenge requires
a model that connects observations to recommendation decisions
and a tractable inference algorithm utilizing this model. To that
end, we abstract the preference data generated by consumers as
noisy, partial realizations of their innate preferences, i.e. order-
ings or permutations over choices. Inspired by the seminal works
of Samuelson (cf. axiom of revealed preferences) and that of Mc-
Fadden (cf. discrete choice models for transportation), we model
the population’s innate preferences as a mixture of the so called
Multi-nomial Logit (MMNL) model. Under this model, the recom-
mendation problem boils down to (a) learning the MMNL model
from population data, (b) finding am MNL component within the
mixture that closely represents the revealed preferences of the con-
sumer at hand, and (c) recommending other choices to her/him that
are ranked high according to thus found component. In this work,
we address the problem of learning MMNL model from partial
preferences. We identify fundamental limitations of any algorithm
to learn such a model as well as provide conditions under which,
a simple, data-driven (non-parametric) algorithm learns the model
effectively. The proposed algorithm has a pleasant similarity to the
standard collaborative filtering for scalar (or star) ratings, but in the
domain of permutations. This work advances the state-of-art in the
domain of learning distribution over permutations (cf. [2]) as well
as in the context of learning mixture distributions (cf. [4]).

Model and Problem Statement:
This section explains the problem of learning the mixed Multi-
nomial Logit (MMNL) model. In particular, it provides a definition
of the model, a procedure for generating the data from this model,
and a lower-bound that reflects the difficulty in learning the model.
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The MNL Model: the Multi-nomial Logit (MNL) model is a prob-
ability distribution over permutations. For a set of n items, this
model is specified by a set of weight parametersw1, . . . , wn. Given
a set of items, C, the probability of choosing an item i ∈ C is

PC(i;w) =
wi∑
j∈C wj

. (1)

and the probability of a permutation σ has the form

P(σ;w) =

n∏
j=1

wσ−1(j)

wσ−1(j) + wσ−1(j+1) + · · ·+ wσ−1(n)

. (2)

This expression suggests the following (sequential) sampling pro-
cedure for generating σ: choose the first item, σ−1(1), from the
set of all n items, then choose the second item, σ−1(2), from the
remaining n−1 items, and so on, for n steps. Furthermore, to sam-
ple a partial permutation of length l items, terminate this procedure
after l steps.

The MMNL Model: the mixed MNL (MMNL) model is a proba-
bility mixture of several MNL models. The probability assigned to
a permutation σ under this model takes the form

P(σ) =

K∑
k=1

αk · P(σ;wk) , (3)

where K denotes the number of components in the mixture, {αk}
the prior of the mixture (i.e., αk ≥ 0 and

∑K
k=1 αk = 1), and

wk ∈ Rn the parameter vector of the k-th MNL component. To
sample a full, or partial, permutation from this model, one can start
by sampling an integer k ∈ {1, . . . ,K} using the prior {αk}. The
desired sample can then be obtained from the corresponding MNL,
P(·;wk), as outlined previously.

Problem Statement: given a MMNL model over n items, with K
mixing components, and data generated from this model, the prob-
lem of interest is that of learning the parameters αk and wk for all
the components. The data available for this purpose consists of N
IID samples in the form of partial permutations of length l, where
l < n.

Drawing on previous work (e.g. [5][3][1]), the learning problem
can be decoupled into two stages. First, identify the label of the
MNL component that generated each sample. Once the labels have
been identified, the samples associated with a given label can be
used to estimate the parameters, αk and wk. That said, note {αk}
can be estimated in a straight-forward fashion from the label as-
signment. Given one such assignment, one only needs to estimate
the parameter vectors wk. To that end, several algorithms have
been proposed (e.g. [3] and [5]). With that in mind, the problem of
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learning the MMNL model reduces to that of computing a ‘correct’
label assignment for the data. We consider this problem in the next
section.

Main Results
Intuitively, to solve the label assignment problem one has to be able
to distinguish between samples coming from different MNL com-
ponents, if at all possible. To this end, we provides two concrete
results: one negative, in the form of a lower bound, and one posi-
tive in the form of a set of sufficient conditions under which we are
able to learn the MMNL model.
A Lower Bound: the richness of the MMNL family presents us
with some difficulties. One such difficulty is demonstrated by the
following result; it establishes the impossibility of distinguishing
members of a certain family of ‘limiting’ MMNL models using
samples of length l for certain values of l.

Theorem 1. For any non-negative integer i, there exist pairs of
‘limiting’ MMNL models with n = 2i+1 items and k = 2i mixing
components, and identical mixing distributions, where the datasets
generated by both models using samples of length l = 2i + 1 are
identical in distribution (i.e., data cannot be used to distinguish
between the two mixtures).

With this in mind, we present an algorithm for computing a label
assignment for the available data points. Roughly, the algorithm
partitions the data set into subsets, where the data points in each
subset originate from the same MNL component. The proposed al-
gorithm consists of two steps: a preprocessing step and a clustering
step. The preprocessing step produces a sample graph where the
nodes correspond to the data samples, and the presence (absence)
of an edge reflects whether a pair of data samples share a common
(or different) MNL origin. The clustering step takes this graph as
an input and produces the desired partition. Finally, we provide a
set of sufficient conditions, under which the computed partition is
guaranteed to be consistent with the underlying MMNL model.

The Sample Graph: given a set of partial permutations {σ1, . . . , σN}
(of length l), our algorithm constructs a graph onN , with adjacency
matrix W = [Wij ] given by:

Wij =

{
0, if overlap(σi, σj) < 1/2 OR affinity(σi, σj) < 1/2

1, otherwise,

where overlap(σi, σj) denotes the fraction of items shared among
the l items of σi and σj . As for affinity(σi, σj), it is defined as

affinity(σi, σj) =
∑

k,l∈S,k 6=l

σikl · σjkl
/(|S|

2

)
where S is the set of items where σi and σj overlap, and σkl is a
+1/− 1 indicator that item k is preferred to item l.

Clustering: given the sample graph produced in the preprocessing
step, we present the following algorithm to compute a partition of
the nodes:

Algorithm 1 Common Neighbors

Input: Symmetric adjacency matrix W ∈ {0, 1}N×N

1: Initialize clustering C = {{σi}}.
2: for (u, v) ∈ A do
3: if |N(u) ∩N(v)| > 1

2
min {|N(u)|, |N(v)|} then

4: perform operation UNION(u, v)
5: end if
6: end for

The algorithm uses the Union-find data structure for partitions.
We begin with each node in its set, and use the union operation
whenever their neighbors overlap by more than half. Upon termi-
nation, the algorithm creates a clustering of the samples.

Sufficient Conditions We would like to provide the guarantee that
with high probability nodes will be clustered together if and only
if they come from the same component in the mixture distribution.
Theorem 2, provides one such guarantee in the form of sufficient
conditions on the underlying MMNL model and the length, l, of
the partial permutation. In order to state these conditions, we use
the following definitions.
Definition 1. (Geometric MNL Model)
Let P(.;w) be an MNL model over n items, and let the permutation
π be the ordering of the the parameters wπ1 , wπ2 , . . . , wπn . We
call this MNL model geometric if

wπi

wπi+1

≥ a

for some constant a > 1 and for each i < n. Further, we use
P(σ;π, a) to shorthand notation for this kinds of models.

Definition 2. (Uniform Geometric MNL Model with K compo-
nents)
Let P(.;w1, . . . , wK , {αk}) denote an MMNL model over n items,
with K mixing components, P(.;wk) with k ∈ {1, . . . ,K},
and mixing distribution {αk}. We call this model a uniform geo-
metric MMNL model if

(i) Each component P(.;wk) = P(.;πk, ak) is a geometric MNL
(as per definition 1).

(ii) Each permutation πk is drawn uniformly at random from the
set of all permutations of length n items.

(iii) The mixing distribution {αk} is a discrete uniform distribu-
tion (i.e., αk = 1/K ∀k) .

We can now state a guarantee for the Algorithm 1 with the fol-
lowing theorem.

Theorem 2. Given a uniform geometric MMNL model over n
items withK (fixed) components, andN samples, of length l drawn,
from this distribution. For l = Θ(logn), and N = Θ(poly logn),
algorithm 1 produces a correct partition with probability at least
1−O( poly logn

n
).

Note that this theorem requires a fixed number of components
K, whereas theorem 1 relies on K growing on the order of Θ(n),
with l = Θ(log n) in both cases.
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